Much of the recent progress in the representation theory of in nitesimal group schemes rests on the application of algebro-geometric techniques related to the notion of cohomological support varieties (cf. 7, 10, 11, 12]). The noncohomological characterization of these varieties via the so-called rank varieties (see 20, 21]) involves schemes of additive subgroups that are the in nitesimal counterparts of the elementary abelian groups. In this note we introduce another geometric tool by considering schemes of tori of restricted Lie algebras. Our interest in these derives from the study of in nitesimal groups of tame representation type, whose determination rests in part on the results to be presented below.
Introduction
Much of the recent progress in the representation theory of in nitesimal group schemes rests on the application of algebro-geometric techniques related to the notion of cohomological support varieties (cf. 7, 10, 11, 12] ). The noncohomological characterization of these varieties via the so-called rank varieties (see 20, 21] ) involves schemes of additive subgroups that are the in nitesimal counterparts of the elementary abelian groups. In this note we introduce another geometric tool by considering schemes of tori of restricted Lie algebras. Our interest in these derives from the study of in nitesimal groups of tame representation type, whose determination rests in part on the results to be presented below.
In contrast to the classical case of complex Lie algebras, the information on the structure of a restricted Lie algebra that can be extracted from its root systems is highly sensitive to the choice of the underlying maximal torus. Schemes of tori obviate this defect by allowing us to study algebraic families root spaces. Accordingly, these schemes also shed new light on various aspects of the structure theory of restricted Lie algebras. We will pursue these questions in a forthcoming paper and focus here on applications within representation theory.
Throughout, we will be working over an algebraically closed eld k of characteristic p > 0. The reader is referred to 19] concerning basic facts of restricted Lie algebras.
Our paper is organized as follows. In x1 we show that the scheme T L is smooth whenever T is a torus. In that case a certain open subschemeT L of T L is actually a ne. After laying more groundwork by computing tangent spaces, we develop in x2 our main tool by collecting technical results on algebraic families of Lie algebras that are parametrized by the rational points of irreducible components ofT L . The last three sections are concerned with applications pertaining to the structure of those restricted Lie algebras that admit a self-centralizing torus. In this case, our schemeT L enables us to relate properties of root systems to those of the aforementioned rank varieties (cf. Theorem 3.5). In order to render the presentation of x3 consistent with the remainder of the paper, we have avoided the language of vector bundles. While the algebraic point of view has shortened the paper somewhat, it does occasionally veil the conceptual sources of some of our results, most notably Lemma 3.4. The last two results of x3 illustrate immediate applications of our methods to questions from representation theory. More speci cally, we provide a noncohomological proof for the supersolvability of representation-nite in nitesimal groups (cf. 11, (2.1)]). Further consequences will be presented in another article.
Tame in nitesimal groups are known to have rank varieties of dimension 2 (see 17, 23] ).
In x4 we apply algebraic families of tori to classify all restricted Lie algebras with twodimensional rank variety and self-centralizing torus. The relevant result, Theorem 4.2, is employed in x5 to study algebras of tame representation type. It turns out that s` (2) is essentially the only restricted Lie algebra with self-centralizing torus, whose restricted enveloping algebra admits a tame principal block. By the same token, tameness occurs precisely when the heart of the projective cover of the trivial module is decomposable. This paper was written while the second author was visiting the Sonderforschungsbereich 343 at the University of Bielefeld. He gratefully acknowledges the hospitality and support he has received.
Schemes of Tori
In this section we establish important properties of T L and a certain open subscheme. Setting n := dim k L and r := dim k T we observe that T L is, as a closed subscheme of the a ne scheme R 7 ! R r n , an a ne algebraic k-scheme, whose function algebra we denote by A.
Let u(T) be the restricted enveloping algebra of T. By de nition, the u(T)-modules are precisely the restricted T-modules, i.e., those where t p] m = t p m for every t 2 T; m 2 M.
Given a restricted T-module M, we denote by H n (T; M) := H n (u(T); M) the n th restricted cohomology group of T with coe cients in M. Theorem 1.1 Let (T; p]) be a restricted Lie algebra. Then the following statements are equivalent:
(1) T is a torus.
(2) The a ne algebraic scheme S L is smooth for every p-subalgebra S T and every restricted Lie algebra (L; p]).
Proof. (1) ) (2) . Let (L; p]) be a restricted Lie algebra. Since every p-subalgebra of T is a torus, we only have to verify that T L is smooth. According to 2, (I.x4 (4.6))] and 2, (I.x4 (5.11))] it su ces to show that for every nite dimensional commutative k-algebra R and every ideal I R with I 2 = (0) the canonical map T L (R) ?! T L (R=I) is surjective. To that end we let : R ?! R=I denote the canonical projection, and consider the exact sequence Given a rational point x 2 U i (k), the naturality of j implies
As a result, the map x 7 ! kerj(k)(x) is constant on U i (k (1) There is an isomorphism T ' (T L ) = Der p (T; L (') ) of k-vector spaces. ' 2 X L (k). Since T is a torus, we have H 1 (T; L (') ) = (0), and the assertion now follows from (2) of (1.4). 2 
Algebraic Families of Modules
Throughout this section we let A be a nitely generated, reduced k-algebra with associated scheme X := Spec k (A). Given a k-vector space V , we consider the free A-module V k A. De nition. Let V be a nite dimensional vector space, F a nite set of irreducible subvarieties of V . A family (W i ) i2I of subspaces of V is said to be F-regular if every subspace W i contains an element of F. Lemma 2.1 Suppose that A is an integral domain, and let F be a nite set of irreducible subvarieties of the nite dimensional vector space V . If P V k A is an A-submodule such that (a) P is an A-direct summand of V k A, and (b) there exists a dense subset U X(k) such that (P(x)) x2U is F-regular, then the subspace I X(k) (P) V is F-regular. Proof. We write F = fY 1 ; : : : ; Y n g. In view of (a) there exists an A-submodule Q V k A such that V k A = P Q. Note that this implies V = P(x) Q(x) for every x 2 X(k). We consider an element y 2 Y j V k k 1 and write y = p + q with p 2 P and q 2 Q. Then y 2 P(x) if and only if (id V x)(q) = 0. By choosing a basis fv 1 ; : : : ; v m g of V and writing q = P m i=1 v i a i , we see that the latter condition is equivalent to x(a i ) = 0 for 1 i m. Consequently, the set Z j y] := fx 2 X(k) ; y 2 P(x)g is closed, and Z j := fx 2 X(k) ; Y j P(x)g = T y2Y j Z j y] has the same property. Condition (b) implies X(k) = U S n j=1 Z j . Since A is an integral domain, the variety X(k) is irreducible, and there exists j 0 2 f1;:::;ng such that Z j 0 = X(k). It follows that Y j 0 I X(k) (P). 2
Let G be an a ne algebraic k-group, V a G-module. We assume that G acts on A via algebra homomorphisms. Consider the G-module V k A with the diagonal operation g (v k r) R (a k s)] := g(v k r) R g(a k s) for g 2 G(R); r; s 2 R; v 2 V; a 2 A. Lemma 2.2 Let P V k A be a G-stable A-submodule that is also an A-direct summand of V k A. If U X(k) is dense, then I U (P) V is a G-submodule. Proof. Let O(G) be the function algebra of G. Since V = V k k 1 is G-invariant and k is a eld, V is a O(G)-subcomodule of V k A. By the same token, V \ P V k A is, as a subcomodule V k A, also G-invariant. We will conclude the proof by showing that V \ P = I U (P): Observing the obvious inclusion V \P I U (P), we proceed by showing that I U (P) V \P.
By assumption there exists an A-module Q such that V k A = P Q. Recall that this implies V = P(x) Q(x) for every x 2 X(k). Now let v be an element of I U (P), and write v = p + q with p 2 P and q 2 Q. It follows that v = (id V x)(p) + (id V x)(q) 8 x 2 X(k). As v belongs to I U (P), the element q vanishes after specialization along x 2 U. Letting (v j ) j2J be a basis of V , we write q = P j2J v j a j . By the above, the ideal S := P (
Proof.
(1). We put T ( ) := ker and observe that T ( ) is the toral radical of the p-subalgebra 
. As 0 is a bijective morphism, ?1
so that equality holds throughout. 
so that =~ and L =L (x 0 ) for every 2 f0g. Since eachL is a nitely generated projective module over the integral domain A, we have ( ) dim kL (x) = dim k L 8 2 f0g; x 2 X(k):
For future reference we record the following immediate consequence Lemma 3.3 Suppose that T L is self-centralizing. Then we havẽ L 0 = Aj(T):
In particular, the torus j(T)(x) is self-centralizing for every x 2 X(k).
Proof. Directly from the de nition we obtain Aj(T) L 0 . As j belongs toT L (A), the A-module Aj(T) is a direct summand ofL 0 . By ( ) we therefore have
for every rational point x 2 X(k). (1) The irreducible component X T L is G-invariant. ( 2) The induced action of G onL xes j(T) pointwise. Proof. (1) . SinceT L is smooth, the irreducible component X is a connected component (cf. 2, (I.x4,no.4),(I.x1(5.6)),(I.x1(2.10))]). Thanks to 2, (I.x4 (6.11))] the scheme G X is connected, so that the same holds for its image under the morphism G X ?!T L . Since this image contains points of X, the desired result follows.
(2). We note that the group G(k) of k-rational points of G operates on the set of mor-
Here gT L denotes the natural transformationT L ?!T L given by gT L (R)(') = g R ' for every ' : T ?! L k R, and g R 2 G(R) is the image of g under the canonical map G(k) ?! G(R). We are now in a position to establish our main structural result on restricted Lie algebras with self-centralizing tori. Proof. Thanks to (3.1) we may pass to L=T(L) and assume that the Lie algebra L has a trivial center. As before, we consider an irreducible component X T L such that the given embedding T , ! L corresponds to a rational point x 0 2 X(k). Thus, X = Spec k (A) for some nitely generated integral domain A.
We let G = AUT (L) be the connected component of the automorphism scheme of the restricted Lie algebra (L; p]). Owing to (3.4) the natural operation of G on T L leaves X invariant, and G operates on A via algebra automorphisms. By the same token, the induced action of G onL xes j(T). Since G operates onL via homomorphisms of k-Lie algebras, all root spacesL ofL are G-invariant. In particular, P := Aj(T) L satis es the conditions of (2.2), so that I := I X(k) (P) is an ideal of L that is contained in T L 0 .
Let x be an element of X(k). Owing to (3.3) the torus Aj(T)](x) L is self-centralizing.
Hence, if F is the set of irreducible components of V L of dimension dimV L , then the algebraic family (P(x)) x2X(k) is F-regular. Thanks to (2.1) the ideal I also enjoys this property.
We decompose the ideal I into its homogeneous parts relative to T. Observing By way of illustration, we retrieve the following well-known result (cf. 7, (3.2),(4.3)]), which we will apply repeatedly in the sequel. Corollary 3.6 Let (L; p]) be a restricted Lie algebra that possesses a self-centralizing torus.
Then L has p -rank 1 if and only if L=T(L) is the two-dimensional non-abelian Lie algebra. Proof. Let T be a self-centralizing torus of L. Since dimV L = 1, the set of roots is not empty. From (3.5) we obtain = f g with dim k L = 1. Let t 2 T be an element such that t p] = t and (t) = 1. Then L=T(L) = (kt L ) has the asserted structure. 2
We conclude this section with an application of our techniques to representation-nite innitesimal groups. Recall that an in nitesimal k-group G is supersolvable if it admits a chain of normal subgroups such that the associated factor groups are isomorphic to p or p . An associative algebra which possesses only nitely many isoclasses of indecomposable modules is said to have nite representation type. If the group algebra H(G) of an in nitesimal group G has nite representation type, then we say that G is representation-nite. Corollary 3.7 Let G be an in nitesimal k-group. If G is representation-nite, then G is supersolvable.
Proof. Let L = Lie(G) be the Lie algebra of G. We propose to show that dimV L 1.
To that end, we let G 0 and G 00 be two subgroups of type p such that G 0 \ G 00 = e k . 
of (H(G 00 ) k C)-modules. Consequently, the induced module H(G) H(G 0 ) k is projective over H(G 00 ). Since k is a direct summand of (H(G) H(G 00 ) k)j H(G 00 ) , we see that the two induced modules H(G) H(G 0 ) k and H(G) H(G 00 ) k are not isomorphic. As H(G) has nite representation type, the set Proj(V L ) is therefore nite, and we thus obtain dimV L 1.
We proceed by showing that G contains a normal subgroup of type p or p . According to 2, (IV.x1 (4.4)),(IV.x3 (1.1))] the multiplicative center M( F G) of the rst Frobenius kernel F G of G is contained in the center of G. We may therefore assume without loss of generality that M( F G) = e k . This implies T(L) = (0).
To see that G contains a normal subgroup that is isomorphic to p , we will show that L contains a one-dimensional, unipotent p-ideal that is invariant under the adjoint representation of G. In view of (3.6) the ideal L; L] has this property in case there exists a self-centralizing torus T L. We therefore assume that there exists a maximal torus T L that is not self-centralizing. Let X T L be the corresponding irreducible component, and write X = Spec k (A). As before, we let j : T , !L be the universal embedding. Thanks to (3.3) we haveL 0 (x) 6 = j(T)(x) for every x 2 X(k). An application of (2.1) then ensures that I := I X(k) (L 0 ) is a G-invariant p-ideal of L of p -rank 1 that is contained in the Cartan subalgebra C L (T). In particular, I is nilpotent, so that its center C(I) is a unipotent, commutative, G-invariant p-ideal of p -rank 1. According to 2, (IV.x2 (2.14))] there exists an element x 2 L n f0g such that x p] n+1 = 0 6 = x p] n and C(I) = P n i=0 kx p] i . Thus, the ideal J := kx p] n has the desired properties.
By the foregoing discussion, the group G contains a normal subgroup N that is isomorphic to p or p . Since G=N has nite representation type, we may assume inductively that G=N is supersolvable. Consequently, G is also supersolvable. 2 
Lie Algebras of p -Rank 2
In this section we apply Theorem 3.5 to Lie algebras of p -rank 2. Our results provide rst steps towards the classi cation of in nitesimal groups of tame representation type. We recall that GF(p) denotes the Galois eld with p elements, and consider the following p + 1 classes of restricted Lie algebras: Note that all Lie algebras involved have a self-centralizing torus, are centerless, and of prank 2. In the following we will show that the above list comprises all restricted Lie algebras with these properties.
Recall that a Lie algebra L with trivial center and all derivations being inner is referred to as complete. Throughout, we let (L; p]) be a restricted Lie algebra. GF(p) 8 2 . Then p 6 = 2, and either L is isomorphic to L 1 (r) for some r 2 GF(p) n f0;1g, or L = L 2 . Proof. As before, we let X = Spec k (A) be the irreducible component ofT L containing the given embedding T , ! L as a rational point x 0 2 X(k). If p = 2, then L = T L has p -rank 1, a contradiction. We distinguish between the following cases:
1. There is 2 such that L ; L ? ] 6 = (0). Consider the A-direct summand P := Aj(T) L L ? ofL. By assumption, we haveL (x) 6 = (0) 6 =L ? (x) for every x 2 X(k).
In view of (3.6), the algebraic family (P(x)) x2X(k) of p-subalgebras is regular with respect to the set of two-dimensional irreducible components of V L . Thanks to (3.4) and (2.1) the pideal I X(k) (P) T L L ? = s`(2) enjoys the same property. As p 3 the latter algebra is simple and complete. Consequently, I X(k) (P) = s`(2), and L = I X(k) (P) C L (I X(k) (P)). Since the rst summand has p -rank 2, the second is, as a Lie algebra of p -rank 0, a torus (cf. 19, (II.3.10)]). As L is centerless, we see that L = I X(k) (P) = L 2 . Proof. Let T L be a self-centralizing torus. If L admits a root space L of dimension 2, then Theorem 3.5 yields L = T L . As L is centerless, we see that dim k T = 1. Consequently, L = L 1 (1).
In the sequel we assume that dim k L = 1 for every 2 . We let X = Spec k (A) be the irreducible component ofT L such that x 0 2 X(k) is the given embedding T , ! L. Observing We proceed by considering the following cases:
(a) There exists a root 2 such that dimV L \H ( ) (x) = 2 for every x 2 X(k). Thanks to (2.1) the ideal I ( ) contains an irreducible component of V L . Let x 2 X(k). By Lemma 3.1 and Lemma 4.1 the restricted Lie algebra Q ( ) (x) is either isomorphic to s` (2) or to L 1 (r(x)) for some r(x) 2 GF(p) n f0;1g.
If there exists an element y 0 2 X(k) such that Q ( ) (y 0 ) = s`(2), then (y 0 )(I ) s` (2) is a p-subalgebra of p -rank 2. Hence (y 0 ) is an isomorphism. Consider the p-subalgebraK := Aj(T) L L . By (3.6) the p-subalgebraK(x) L has p -rank 2 for every x 2 X(k), so that an application of (2.1) shows that the p-ideal I X(k) (K) inherits this property. Since I := I X(k) (K) T L L is the direct sum of its root spaces, 
Tame Principal Blocks of Enveloping Algebras
It is well-known (cf. 7, x4]) that the restricted enveloping algebra u(L) has nite representation type if and only if its principal block B 0 (L) enjoys this property. In this section we shall employ our previous results in order to determine those restricted Lie algebras with self-centralizing torus, whose principal block is tame. Recall that a representation-in nite algebra is tame whenever its isoclasses of indecomposable modules of any given dimension can be parametrized by a one-dimensional variety. The reader is referred to 5] concerning the precise de nition of tameness. We shall see below that this property is closely related to the decomposability of certain modules as well as to structural features of the stable Auslander-Reiten quiver of u(L). Let (L; p]) be a restricted Lie algebra. We denote by ? s (L) the stable Auslander-Reiten quiver of the self-injective algebra u(L). The reader may consult 1] for the de nition and basic properties of ? s (L). Roughly speaking, ? s (L) is a directed graph with the isoclasses of the non-projective indecomposable u(L)-modules as vertices. The connected component containing the isoclass k] of the trivial u(L)-module will be denoted 0 . Closely related to the position of k] within 0 is the structure of the projective cover P 0 of k. We denote by H(P 0 ) := Rad(P 0 )=Soc(P 0 ) the heart of P 0 , that is, the quotient of the radical by the socle. Proof. (1) ) (2) . Suppose that dimV L 1. According to 7, (3.2)] the principal block B 0 (L) is a Nakayama algebra. Hence H(P 0 ) is indecomposable, a contradiction. In case dimV L 3 we reach the same contradiction by applying 9, (2.1)] and 9, (4.1)] consecutively. Thus, dimV L = 2, and by (4.3) the Lie algebra L=T(L) is either supersolvable or isomorphic to s` (2) . Thanks to 9, (4.2)] and 9, (4.1)] the former alternative does not apply. (4) . By work of Fischer 13 ] the principal block of u(s`(2)) is tame. (4) ) (5 
